Large iV reduction for Chern-Simons theory on S 3 
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We study a matrix model which is obtained by dimensional reduction of Chern-Simon theory on 
S [i to zero dimension. We find that expanded around a particular background consisting of multiple 
fuzzy spheres, it reproduces the original theory on S 3 in the planar limit. This is viewed as a new 
type of the large TV reduction generalized to curved space. 
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Introduction. — Emergent space(-time) is often seen 
in recent developments in string theory. In particular, it 
is characteristic of the matrix models 1] which are dimen- 
sionally reduced models of ten-dimensional super Yang- 
Mills theory (SYM) and proposed as a non-perturbative 
formulation of superstring or M-theory. While it is ver- 
ified that these models reproduce gravity around flat 
space-time, it is necessary to elucidate how curved space- 
time is included in these models [2j ■ The large N reduc- 
tion 0] developed decades ago is the first example that 
realizes emergent space-time in matrix model. Indeed, it 
asserts that the planar limit of gauge theory on flat space- 
time is equivalent to the planar limit of a matrix model 
(a reduced model) that is obtained by dimensional reduc- 
tion to lower dimensions. It is, therefore, worthwhile to 
study generalization of the large N reduction to curved 
space-time. The large N reduction can also give a non- 
perturbative formulation of planar gauge theory as an 
alternative to lattice gauge theory. It is well-known that 
in order to overcome the problem of flat directions (or 
the U(1) D symmetry breaking) in the large N reduction, 
one needs the prescription || , which is unfortunately not 
compatible with supersymmetry in gauge theory. 

The authors of Ref. @ proposed a non-perturbative 
formulation of planar J\f = 4 SYM on R x S 3 equivalent 
to that on i? 4 at a conformal point, using the plane wave 
matrix model (PWMM) Q (See also [| ©]). PWMM 
is obtained by dimensional reduction of TV = 4 SYM 
on R x S 3 to R [l(|, and in the formulation the S 3 is 
realized as a non-trivial fiber bundle over S 2 by expand- 
ing PWMM around a particular background which con- 
sists of multiple fuzzy spheres. Thus the formulation is 
viewed as a new type of the large N reduction gener- 
alized to curved space. The formulation overcomes the 
aforementioned problem in the large N reduction for su- 
persymmetric gauge theory thanks to massiveness and 
supersymmetry of PWMM llj. By putting the formu- 
lation on a computer in terms of the method [l3j |. one 
should be able to study the strongly coupled regime of 
Af = 4 SYM and therefore to perform new non-trivial 
tests for the AdS/CFT duality Q. 

A reasonable argument supporting the validity of the 



proposal was given in and the proposal has alr eady 
passed some non-trivial tests at weak coupling 0, Il5l |. 
Application of the same type of the large N reduction to 
various gauge theories was also discussed in How- 
ever, the proposal has not been proved completely yet, 
in particular at strong coupling. In this letter, we prove 
that the same type of the large N reduction does work 
even at strong coupling for another gauge theory, Chern- 
Simons (CS) theory on S* 3 , which has been exactly solved 
17j | . Our study is an extension of the classical analysis 
done in [li} to the quantum level and provides the first 
proved example of the new type of the large N reduc- 
tion. Our formalism gives a new quantum mechanical 
definition of CS theory on S 3 , which is an interesting 
topological field theory associated with the knot theory. 
CS theory on S 3 is also interpreted as open topological 
A strings on T* S 3 . This aspect should enable us to gain 
from our findings insights into the study of formulating 
superstring non-perturbatively in terms of matrix model. 

CS theory on S 3 . — Let us review some exact results 
for U(N) CS theory on S 3 , whose action is given by 

ScS = ~t J , Tr { A A dA + l A A A A A ) ' (1) 

The partition function of the theory, Zcs, defines a topo- 
logical invariant of the manifold S 3 . Given an oriented 
knot K, in S 3 , one can consider the Wilson loop in an 
irreducible representation R of U(N) 



(2) 



Wr(IC) = Tr fi Pexp <f> A 



The expectation value of the Wilson loop, (Wr(1C))cs, 
defines a topological invariant of K.. In this letter, we 
mainly consider the Wilson loop for an unknot in the fun- 
damental representation, denoted by Wu (unknot), where 
□ stands for the fundamental representation. It turns 
out that our formalism adopts a non-canonical framing 
corresponding to the one labeled by m = n = 1 in 
In our framing, the above quantities are given by 
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where p is the Weyl vector of SU(N), a > are positive 
roots, and we have introduced g s = 2m/ (k + N), which is 
identified with the string coupling in topological strings. 
We have ignored a (^-independent factor in rewriting ([3]) 
to 0. (• ■ • )csm denotes the expectation value with the 
weight given by the integrand in (|4j). 

Dimensional reduction. — In order to dimensionally 
reduce CS theory on S 3 [3, 21 1, we regard S 3 as the 



SU(2) group manifold, which has the isometry 5*0(4) = 
SU(2) x SU(2) corresponding to the left and right trans- 
lations. We set the radius of S 3 to 2/fi, and define the 
right-invariant 1-forms E l (i = 1,2,3), which satisfy the 
Maurer-Cartan equation dE l - fe^i^' A E k = 0. We 
define the Killing vector Ci that is dual to E % and gen- 
erates SU(2) of the left translation. We can also regard 
S 3 as an ^([/(l)) bundle over S 2 = SU(2)/U{1). The 
Kaluza-Klein (KK) momenta q in the fiber direction 5 1 
take integers and half- integers. When C% act on a KK 
mode with the momentum q, it takes the form of the 
angular momentum operators in the presence of a 
monopole with magnetic charge q Namely, the KK 
momenta in the fiber direction are identified with the 
monopole charges on 5 2 . 

Expanding the gauge field in ([1]) as A = i[iXiE l , we 
rewrite RHS of Q as 
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X; 



(6) 



where dQ^ is the volume element of unit 3-sphere, and we 
have used the Maurer-Cartan equation. By only keep- 
ing the q = modes in (|6|), namely replacing Ci and 
dfl3 with and dQ,2, respectively, we can dimension- 
ally reduce the theory onto S 2 . The resultant theory is 
Yang-Mills theory (YM) on S 2 . To see this, we decom- 
pose Xi into the radial component \ an d the components 
tangential to S 2 , ag and a v , and rewrite the theory on 
S 2 as / dft 2 Tr ( X ^f^ ~ X 2 ), where fa, v = 6,<p) is 
the field strength for a^. Integrating x out indeed yields 
YM on S 2 . Finally, dropping all the derivatives in 
namely dimensionally reducing the theory onto a point 
gives rise to a three-matrix model: 
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YM on S 2 from the matrix model. — The matrix 
model (J7]) with the matrix size M x M possesses the 
following classical solutions, 



Xi 



(8) 



where are the spin j representation of the SU(2) 
generators, the relation ^2 s {2j s + l)N s = M is satisfied, 
and j s ^ j t for s^t. The label s runs over some integers. 

The (s,t) block of the fluctuation around ([5]) is ex- 
panded in terms of the fuzzy spherical harmonics [il. lit I23]] 
which is a (2j s + 1) x (2j t + 1) matrix. We put 2j s + 1 = 
O + n s with and n s being integers and take the limit 
in which 



n 



g 2 m /n = ~g 2 YM A/(87r 2 ) fixed 



(9) 



with g\ M = —[i 2 /(2k). A = Att/^j, 2 is the area of the S 2 , 
and gyM turns out to be the coupling constant of YM 
on S 2 . In this limit, the above fuzzy spherical harmonics 
coincides classically with the monopole harmonics 
of the monopole charge j s — jt under the identification 
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and ^Tr ^_ f dQ 2 - It 
was indeed shown in [18( that the theory around (J8|) is 
classically equivalent to the theory around the following 
classical solution of U(K) YM on S 2 , 



Xi = diag(- 
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expressed in terms of X^, where q s = n s /2, and the rela- 
tion J2 S N s = K is satisfied. 

The above relationship is extended to the quantum 
level [2l[. The partition function of the matrix model 
([7]) is decomposed into sectors classified by the represen- 
tation of 577(2) as in ([8]), and in the limit ([9]) the sectors 
consisting of K blocks reduces to 

. N, N, N t 

e / nn^nniK^-^) 2 -^-"*) 2 } 

{n 3 ,N s } s i=l s <ti=lj = l 

x e 9 ym a (11) 



up to an irrelevant constant with an analytic continua- 
tion gy M — > — i§YM- Usi come from the eigenvalues of 
X%. This exactly agrees with the partition function of 
U(K) 2d YM on 5 2 [H, [H, and the {n s ,N s } sector 



in the summation in (|11| is the contribution around the 
classical background (flQ|) . 

CS theory on S 3 from the matrix model. — CS theory 
on S 3 is obtained by summing all the KK modes in YM 
on 5 2 , where the KK momenta are identified with the 
monopole charges on 5 2 . In the limit ©, the (s, t) block 
of the fluctuation around ijHJ) of the matrix model ([7]) 
behaves as the one around f|10[) of YM on 5 2 which feels 
the monopole charge j s — j t . Therefore we are led to the 
following statement: if one chooses in |8]) 

- A/2 < s < A/2, 2j s + 1 = n + s, N s = N, (12) 

with A being a positive even integer and takes the limit 
in which 



< 2 — > co, A — > 00, U - 
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00, A^ — > 00, 
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g 2 m N/n = TV/(47r(fc + TV)) fixed, 



(13) 



where 



the theory around (fT2"f) of the matrix model (O is equiv- 
alent to U(N) CS theory on S 3 in the planar limit. 
The naive relation between the coupling constants is 
g^N/Cl = N/(4irk), but we will see below that this naive 
one is renormalized so that the last equation in Q13[) is 
valid. The particular background (fl"2"|) and the limit (fTB"]) 
is the same as the ones adopted in [6j in realizing TV = 4 
SYM on R x S 3 in PWMM. This extraction of the theory 
around (fT2|) from the whole theory of the matrix model 
should be allowed in the TV — > oo limit as in the case of 
PWMM. The above equivalence was classically shown in 
[HI by further imposing the orbifolding condition, which 
needs infinitely large matrix size and is not allowed quan- 
tum mechanically. Here we do not need to impose it 
because of the TV — > oo limit, and A are viewed as 
the ultraviolet cutoffs for the angular momenta, which 
remarkably respect the gauge symmetry. 
More precisely, the equivalence states that 



T m /(N 2 {k+l))=T C s/N 2 



(14) 



in the limit (|13j) , where T m is the free energy of the theory 
around the background (fT2|) of the matrix model (|7|) , and 
Tcs — lnZcs- Furthermore, given a knot /C in S 3 , we 
can parametrize it by z M {a) (<r G [0,1]) and introduce 
a Wilson loop in the matrix model, 



Pexp z M / XiE l M (z{a)) 



dz M (a) 
da 



da 



It was shown classically in |18| that the above operator 
around (fT2|) in the limit (|13| corresponds to Wa(JC) in 
$2$ . We naturally expect this correspondence to hold also 
at the quantum level: 



{W{K)) m = (W u {K,))cs/N, 



(15) 



where (• • • ) m denotes the expectation value around the 
background (fT2"]) of the matrix model in the limit (fTB")) . 
Here we concentrate on an unknot whose path is given 
by a great circle on S 3 . In this case, the relation (fTB"]) 
reduces to 

(Tr (e 47TlX3 )) m /M = (W D (unknot))as/iV. (16) 

Proof of the equivalence. — To prove the equivalence, 
we show the equalities (fT4|) and (fTB)) explicitly. For that 
purpose, we may use the statistical model whose partition 
function is defined by (fTTj) . by taking the £1 — > oo limit 
first. We extract the contribution of —A/2 < s < A/2, 
n s = s, N s = TV from the sum in (fTJJ. Then, we see 
that the model is interpreted as a multi-matrix model of 
TV x TV hermitian matrices with double trace interactions 
in which y s i is a constant times the i-th eigenvalue of the 
s-th matrix d> s : 
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with A = g s N = 2mN/(k + N). (fT3J) tells us to take the 
limit in which A — > oo, N — > oo with A fixed. Recall- 
ing the computation in obtaining (jlip from the matrix 
model © in [HI, we find that LHS of (fTJ]) is rewritten 
as (J2 S tre^ s /(Af(A + 1))), where (• • • } denotes the ex- 
pectation value in (fT71) . In the same way, by using the 
formula OraLiU + x 2 /n 2 ) = sinh(7ra)/(7rx), we also see 
that the statistical model defined by (j4|) is interpreted as 
a one-matrix model of an N x N hermitian matrix (f> with 
double-trace interaction terms 1271: 



S.u = j ih>vy.\) j -ytr0 2 
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where 
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k=lm=0 \ / \ / 

Noting (O, we finally see that (fJJJ and (1 16[) reduce to 
T/{N 2 {A + l))=T M /N 2 , (19) 

w(A i ri)E<-^)4< te ^>- < 20 ' 
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respectively, where T = hxZ, Tm = Ih-Zm 
denotes the expectation value in (fT8| . 

To show (fT9|) and (f20|) . we perform the perturbative 
expansion in A in both the matrix models using the stan- 
dard double line notation. We represent the vertices by 
connecting the double traces in terms of dashed lines as in 
Fig. 1. There is one-to-one correspondence between the 
diagrams of the two matrix models. As in the standard 
perturbation theory, the free energy and the expectation 
value of the Wilson loop are computed by summing all 
the connected diagrams, where the diagrams that have 
pieces connected in terms of the dashed lines are regarded 
as connected. It is easy to see that the leading contri- 
bution in the 1/N expansion is given by the diagrams 
that are planar in the ordinary sense and in addition 
divided into two parts by cutting any dashed line. The 
diagrams that do not satisfy these two conditions give the 
subleading contribution in the 1/N expansion. Namely, 
only such 'tree' planar diagrams survive in the TV — > oo 
limit. Fig. 1 shows examples of the diagrams for the free 
energy: the left one is 'tree' planar and gives the lead- 
ing contribution, while the right one gives the subleading 
contribution. For the left diagram in Fig. 1, we can prove 
an equality 
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FIG. 1: Diagrams for the free energy: A 'tree' planar diagram 
giving the leading contribution in the 1/N expansion (left) 
and a diagram giving the subleading contribution (right). 
Each number represents the degree of the vertex. 
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FIG. 2: A generic 'tree' planar diagram for the free energy. 
Each blob represents a planar diagram. 

= C(8)C(10)C(4)C(4), 

in the A — > oo limit, so that we find that the diagram 
takes the same value in the two matrix models. Such an 
equality does not hold for the right diagram in Fig. 1, so 
that the diagram takes different values in the two matrix 
models. For a generic 'tree' planar diagram shown in Fig. 
2 possessing n dashed lines, we can prove the following 
equality in the A — » oo limit [28j |: 
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which implies that the diagram takes the same value in 
the two matrix models. Thus we have shown that (|19j) 
and ([20f hold to all order in A in the limit in which A — » 
oo and TV — > oo. 

Summary. — In this letter, we showed that expanded 
around the background (fT2|) in the limit (fT"3f , the matrix 
model is equivalent to planar U(N) CS theory on S 3 . 
We can also show that expanded around different back- 
grounds, the matrix model reproduces planar CS theory 



on S /Z q , which we will describe in [28J . Our formalism 
does not only give a new regularization method of pla- 
nar CS theory on 5 3 , but also serves as the first proved 
example of the new type of the large N reduction. 
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